Wide range equation of state (EOS) for liquid hydrogen is ultimately built by combining two kinds of density functional theory (DFT) molecular dynamics simulations, namely, first-principles molecular dynamics simulations and orbital-free molecular dynamics simulations. Specially, the present introduction of short cutoff radius pseudopotentials enables the hydrogen EOS to be available in the range 9.82 × 10 −4 to 1.347 × 10 3 g/cm 3 and up to 5 × 10 7 K. By comprehensively comparing with various attainable experimental and theoretical data, we derive the conclusion that our DFT-EOS can be readily and reliably conducted to hydrodynamic simulations of the inertial confinement fusion.
I. INTRODUCTION
In the present work, a combined density functional theory (DFT) method of firstprinciples molecular dynamics (FPMD) and orbital-free molecular dynamics (OFMD) has been used to construct wide range EOS for fluid hydrogen with a temperature range 10 3 ∼ 5 × 10 7 K and density range 9.82 × 10 −4 ∼ 1.347 × 10 3 g/cm 3 . In FPMD the electrons are treated quantum mechanically through finite-temperature DFT (FTDFT) with the only approximation of exchange-correlation functional. Due to the Fermi-Dirac distribution of the electronic states, at extremely high temperatures a huge number of occupational bands have to be introduced, and FPMD simulations are then restricted. As a consequence, OFMD simulations, where the electronic kinetic energy is expressed as a functional of the local electronic density and possibly of its gradient, have been adopted to avoid the limitation. The rest of this paper is organized as follows. Section II describes the computational methods with respect to FPMD and OFMD. In section III, we discuss the EOS in detail, and finally we get our conclusions in section IV.
II. COMPUTATIONAL METHOD
In this section, we briefly describe the basic formalism employed to explore thermodynamic properties of fluid hydrogen. That is, two basic quantum-mechanical DFT approaches, one based on Kohn-Sham (KS) formula and the other based on orbital-free method. Then the simulation parameters are presented in detail.
A. First-principles molecular dynamics
Our FPMD simulations for fluid hydrogen have been performed by using ABINIT code [27] . In these simulations, the electrons are fully quantum mechanically treated by employing a plane-wave FT-DFT description, where the electronic state occupations follow the FermiDirac distribution. The ions move classically according to the forces from the electron density and the ion-ion repulsion. We employed the NVT (canonical) ensemble, where the number of particles N and the volume are fixed [28] . The system was assumed to be in local thermodynamic equilibrium with the electron and ion temperatures being equal (T e = T i ).
In these calculations, the electronic temperature was been kept constant according to the Fermi-Dirac distribution, while the ionic temperature was controlled by the Nośe thermostat.
At each step during MD simulations, a set of electronic state functions {Ψ i,k (r, t)} for each k-point were determined within KS construction by
with
in which the four terms respectively represent the kinetic contribution, the electron-ion interaction, the Hartree contribution, and the exchange-correlation functional. The electronic density was obtained by
Then by applying the velocity Verlet algorithm, based on the force from interactions between ions and electrons, a new set of positions and velocities were obtained for ions.
B. Orbital-free molecular dynamics
OFMD simulations [29] [30] [31] , where the kinetic energy of the electrons is treated semiclassically, have also been used to investigate the wide range EOS for fluid hydrogen under extreme conditions. The orbital-free electronic free energy can be expressed as
where I ν is the Fermi integral of order ν, and the screened potential Φ is related to the electronic density by
The first integral in Eq. (4), which depends only on the local electronic density in the true spirit of the Hohenberg-Kohn theorem, is the well-known finite-temperature Thomas-Fermi expression [32] . The second term in Eq. (4) denotes the von Werzsäcker correction. In the present simulations we have omitted this gradient term and worked in a Thomas-Fermi-Dirac form using the formula proposed by Perrot [33] to deal with the kinetic-entropic part. The orbital-free procedure treats all electrons on an equal footing, albeit approximately, with no distinction between bound and ionized electrons. Except for that, the OFMD simulation procedure is similar to that of FPMD.
C. Simulation details
Using the above-mentioned DFT formalisms (namely, FPMD and OFMD), we aim to build a wide range DFT-EOS table of data points for liquid hydrogen with the density ranging from 9.82 × 10 −4 to 1.347 × 10 3 g/cm 3 and temperature from 10 3 to 5 × 10 7 K.
Generally, the Coulomb liquids can be characterized by two non-dimensional parameters.
That is, the ionic coupling parameter and electronic degenerate parameter. For liquid hydrogen, the former one is commonly defined as Γ ii = 1/(k B T a), which presents the ratio of the mean electrostatic potential energy and the mean kinetic energy of the ions. The degeneracy parameter θ = T /T F is the ratio of the temperature to the Fermi tempera-
Within the FPMD formalism, the electronic states are occupied according to the Fermi-Dirac distribution. Thus, our FPMD simulations have been restricted to temperatures lower than T F (θ < 1) at ρ > 0.5 g/cm 3 . For lower densities, our FPMD simulations have been performed up to a temperature of 15.682 eV. To overcome the computational cost limit, OFMD was used in the same simulated conditions (density and temperature) as those in FPMD, and explored to extend to higher temperatures. The results indicate that both of the pressure and internal energy difference are better than 2%
between QMD and OFMD simulations as θ ∼ 1 (see Fig. 1 ).
In general, FPMD and OFMD simulations based on DFT have introduced pseudopotentials to reduce the computational cost and ensure the accuracy at moderate densities.
However, the pseudo-core approximation fails at high densities, where the interatomic distance is comparable with or smaller than the cutoff radius of the pseudopotential, due to pressure-induced delocalization of the core electrons and the overlapping of the pseudization spheres. In order to avoid the limitations introduced by pseudopotential approximation, a
Columbic pseudopotential with a cutoff radius of 0.001 a.u. has been built [34, 35] . As the energy dependence is better than 1% between projector augmented wave (PAW) potentials and Columbic potential (see Fig. 2 ), we explore the EOS of hydrogen into high density (∼ 10 3 g/cm 3 ) by using a short cutoff radius Columbic potential. We have considered a total number of 8 ∼ 512 atoms (corresponding to expanded and ultra dense regimes) in a series of volume-fixed supercells, which are repeated periodically throughout the space. Only Γ point is used to sample the Brillouin zone in molecular dynamic simulations, because the selection of higher number of k points modifies the EOS within 3%. Each system was assumed to be in local thermodynamic equilibrium with the electron and ion temperatures being equal (T i = T e ). In order to balance the pseudopotential approximation in the high density regime and the computational cost, two potentials have been adopted in both FPMD and OFMD simulations. That is, the PAW (with R c = 0.1 a.u.) pseudopotential (ρ < 30 g/cm 3 ) and short cutoff radius Coulombic potential (ρ > 20 g/cm 3 ), where the plane wave cutoff energy is set to 200 Ha, respectively. The exchangecorrelation functional is determined by local density approximation (LDA) with Teter-Pade parametrization [36] , and the temperature dependence of exchange-correlation functional, which is convinced to be as small as negligible, is not taken into account. N step = 6000 has been used in the molecular dynamic simulations, and the time steps are selected with considering different density and temperature [37] . The EOS are obtained as running average of the last 1000 steps of molecular dynamic simulations. Additionally, in FPMD simulations, sufficient electronic states have been adopted to secure the occupational number below 10 −6 .
III. RESULTS AND DISCUSSION
A wide range DFT-EOS (listed in Table I ) has been constructed by data obtained from FPMD (for θ < 1) and OFMD (θ > 1) simulations. Results are compared with previous theoretical and experimental ones in this section. High precision EOS data are essential for understanding target implosion process in ICF.
We first examine the present DFT-EOS theoretically through the Rankine-Hugoniot (RH) Militzer et al. [18] ) and SESAME [21] are also shown for comparison.
equations, which follow from conservation of mass, momentum, and energy across the front of the shock wave. The locus of points in (E, P , V )-space described by RH equations satisfy
where subscripts 0 and 1 represent the initial and shocked state, and E, P , and V denote internal energy, pressure, and volume, respectively. u p is the particle velocity of the material behind the shock front and u s is the shock velocity. Along the Hugoniot curve of the liquid hydrogen, the starting point with a density of 0.0855 g/cm 3 and a temperature of 23 K has been selected, where the relative internal energy has been set to zero and the pressure is considered as small as negligible. Smooth functions have been adopted to fit DFT-EOS in the relative density and temperature regime. Our DFT-based Hugoniot curve with pressure up to 10 5 GPa and temperature up to 5 × 10 7 K is presented in Fig. 3 . Our simulation results indicate that the maximum shock compression ratio is 4.5 with a pressure around 40 GPa, at which the system is governed by gradual dissociation of molecules. With the increase of pressure, the compression ratio decreases and then reaches a value of 4.23 below 950 GPa. This hardening behavior of the Hugoniot can be attributed to the formation of mono-atomic fluid. However, as the pressure exceeds 10 3 GPa (temperature above 19 eV), the compression ratio merges into 4.0, which indicate a full ionization of the liquid hydrogen. On the other side, SESAME Hugoniot [21] plotted in Fig. 3 shows a maximum compression ratio around 4.5, but the corresponding pressure is much too high with respect to our DFT-Hugoniot. For comparison, previous results from PIMC simulations [18, 38] are also plotted in Fig. 3 , which shows consistency with our DFT results at pressures beyond 50
GPa. However, PIMC simulations have failed to reproduce the experimental results below 50 GPa. [18] , Kerley (royal line) [22] , LM model by Ross (blue dashed line) [15] , and FVT (blue solid line) [25] .
Over the past ten years, the Hugoniot of hydrogen or deuterium has been experimentally explored up to ∼200 GPa. The latest set of data points were obtained by two-stage light gas gun [8] , explosive-driven compression [9] , Z-pinch-driven compression [10] , where the compression ratio η shows a maximum close to 4.3, or by laser-driven compression with the Nova laser and the Omega laser (the EOS would possibly be corrected by introducing the quartz standard), which suggest a stiff behavior (η max ≈ 4.2) below 100 GPa and become softer (η max ≈ 4.5 ∼ 5.5) at higher pressures [12, 13] . To clearly show the comparison between the present DFT-EOS and those previous results, Fig. (4) plots the Hugoniot curve below 250 GPa. The present Hugoniot curve from DFT-EOS with accounting for the ionic quantum zero-point energy (ZPE) shows better accordance with experimental data.
At pressures below 100 GPa, both of the curves, as discussed above, exhibit a maximum compression ratio of 4.5, which is accordant with previous QMD results and experimental data obtained by gas gun, converging explosives and magnetically driven flyer. However, as pressures go beyond 100 GPa, η ∼ 4. Recently, laser-driven shock compressions on H 2 or D 2 precompressed in diamond anvil cells from 0.16 to 1.6 GPa have been proved to provide visible ways to generate shock Hugoniot data over a significantly broader thermodynamical regime than previous experiments [42] . These experimental data are highly valuable for examining various theoretical models.
In the present work, we have shown the Hugoniot data for initial pre-compressions of 0.16 GPa, 0.7 GPa, and 1.48 GPa in Fig. 5 . As a consequence, the data covers a density range ∼ 2 times greater than previous investigations limited to the principal Hugoniot alone. As shown in Fig. 5 , good agreement has been gained between the present DFT-EOS pre-compressed Hugoniot data and laser-driven experimental results. The maximum compression ratio along a given Hugoniot has been observed to strongly depend on the initial density. That is, with increasing initial density, the compression ratio decreases.
B. Molecular dissociations
For molecular fluid in the warm dense regime, which consists of atoms, molecules, nuclei, and electrons, the free energy can be expressed as
where
id are the ideal free energies for ions and electrons, respectively,
is the excess free energy, while F (mol) dis denotes the contribution from molecular dissociation with the following form [40] :
Here the dissociation ratio α is used as an adjustable function of density and temperature, with an assumed Fermi-function form
where B(ρ) = exp(B 1 + B 2 ρ) and C(ρ) = exp(C 1 + C 2 ρ). Using the present DFT-EOS data,
we have determined the value B 1 = 9.5517, B 2 = −2.8277, C 1 = −8.2946, and C 2 = 0.4708.
At temperatures below 10000 K, molecular dissociation governs the first-order phase transition, which is important in determining the nonmetal-to-metal transition. In this work, we have introduced a Fermi formula to fit our DFT-EOS in warm dense region by using Eq. (11), and the dissociation fraction has been plotted in Fig. 6 . Vorberger et al. [43] have introduced a criteria to estimate the fraction of molecular hydrogen by counting the number of atoms located within a radius, which last for a time greater than ten vibrational periods. Holst et al. [39] have used a coordination number, However, QMD method gives a smoother behavior of α as indicated in Fig. 6 .
C. Comparison of DFT-EOS with previous theoretical results
In this section, the present DFT-EOS data have been systemically compared with previous theoretical predictions. At densities from ∼ 10 −3 g/cm 3 to ∼ 10 −1 g/cm 3 , we have
shown the pressure and internal energy difference between our DFT-EOS and those obtained by PIMC simulations (see Fig. 7 ). The results indicate a maximum of 7% difference for the pressure and 15% for the energy over the temperatures we explore. At temperatures above ∼ 30 eV, the distinction can be viewed as small as negligible between the two methods. In the warm dense regime, which is highlighted at densities between 0.2 and 3.0 g/cm 3 , very good agreement has been found between our DFT-EOS data and those fitted QMD results at the temperature domain 2000 ∼ 10000 K (left panel in Fig. 8 is suitable for investigating many-body quantum systems at high temperatures. In this method, electrons and ions are treated on equal footing as paths. The model of Chabrier and Potekhin considers a fully ionized plasma, which is reliable at high temperature and low density region. As shown in Fig. 8 , the present results are in accordance with those numerical simulations and theoretical models. [26] . Each curve has been shifted by 1.0 from the previous one for clarity. Each curve has been shifted by 1.0 from the previous one for clarity.
The isotherms of the pressure have been observed to show a systematic behavior in terms of the density and temperature (see Fig. 9 ). In this region, we do not find any signs for ( ∂P ∂V ) T > 0, which would indicate another first-order phase transition (the so-called PPT). PPT is usually considered in chemical models such as fluid variational theory [25] or liquid state perturbation theory [45] . In these chemical models, minimization of the free energy for a mixture consists of atoms, molecules, and plasma in equilibrium. Relations between different particles are described by effective potentials. As we explore to a higher temperature region (right panels in Fig. 9 and Fig. 10 ), PIMC data by Hu et al. [26] are shown for comparison. It is clearly indicated that the pressure given by DFT-EOS is in good agreement with PIMC calculations up to ∼ 10 7 K for the densities concerned, and this agreement extends toward lower temperatures when the density decreases.
IV. CONCLUSION
In summary, we have constructed a wide-range DFT-EOS by means of FPMD and OFMD simulations. After building short cutoff radius Columbic potential, we have the ability to explore the EOS into ultra-dense region. The present DFT-EOS is valid at densities from 
